Geometric properties of certain analytic functions with real coefficients (Applications of convolutions in geometric function theory) by Saitoh, Hitoshi
Title
Geometric properties of certain analytic functions with real
coefficients (Applications of convolutions in geometric
function theory)
Author(s)Saitoh, Hitoshi




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Geometric properties of certain analytic
functions with real coefficients
Hitoshi Saitoh
Department of Mathematics, Gunma National College of
Tbchnology, Maebashi, Gunma 371-8530, Japan
e-mail: saitoh@nat.gunma,.ct.ac.jp
Abstract
Let $\mathcal{T}$ be the class of functions $f(z)$ of the form
$f(z)=z+ \sum_{k=2}^{\infty}a_{k}z^{k}$
which are analytic in the open unit disk $U=\{z : |z|<1\}$ and $a_{k}$ are real numbers. For a
function $f(z)\in \mathcal{T}$, some sufficient conditions for starlikeness and convexity are discussed.
1 Introduction
Let $A$ denote the class of functions of the form
$f(z)=z+ \sum_{k=2}^{\infty}a_{k^{Z^{k}}}$ (1.1)
which are analytic in the open unit disk $U=\{z : |z|<1\}$ , and let $S$ be the subclass of $\mathcal{A}$ of
the univalent functions in U. By $S^{*}$ and $\mathcal{K}$ , we denote the subclasses of $\mathcal{A}$ whose members map
$U$ onto the domain which are starlike and convex.
Further, the function $f(z)\in \mathcal{A}$ is said to be starlike of order $\alpha(\alpha<1)$ in $U$ if and only if
${\rm Re} \{\frac{zf’(z)}{f(z)}I>\alpha$ $(z\in U)$ . (1.2)
Similarly, $f(z)\in A$ is said to be convex of order $\alpha(\alpha<1)$ in $U$ if and only if
$1+{\rm Re} \{\frac{zf’’(z)}{f’(z)}\}>\alpha$ $(z\in U)$ (13)
We shall denote by $S^{*}(\alpha)$ and $\mathcal{K}(\alpha)$ the subclasses of $A$ whose members satisfy (1.2) and (1.3),
respectively.
It is known that for $0\leqq\alpha<1,$ $S^{*}(\alpha)\subset S^{*},$ $\mathcal{K}(\alpha)\subset \mathcal{K}$ and that $S^{*}(O)\equiv S^{*},$ $\mathcal{K}(0)\equiv \mathcal{K}$ .
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Furthermore, we define $\mathcal{T}$ the class of analytic functions with real coefficients, that is,
$\mathcal{T}:=\{f(z)\in A:f(z)=z+\sum_{k=2}^{\infty}a_{k}z^{k},$ $a_{k}\in \mathbb{R}\}$ , (1.4)
where $\mathbb{R}$ is the set of real numbers.
According to Silverman, we introduce $\mathcal{N}$ the class of analytic f$\iota$mctions with negative coef-
ficients, that is,
$\mathcal{N}:=\{f(z)\in \mathcal{A}:f(z)=z-\sum_{k=2}^{\infty}a_{k}z^{k},$ $a_{k}\geqq 0\}$ . (1.5)
We note that
$\mathcal{N}\subset \mathcal{T}\subset A$.
Next, we define the Hadamard product or convolution by
$(f*g)(z)=f(z)*g(z)= \sum_{k=0}^{\infty}a_{k}b_{k}z^{k}$, (1.6)
where $f(z)= \sum_{k=0}^{\infty}a_{k}z^{k}$ and $g(z)= \sum_{k=0}^{\infty}b_{k}z^{k}$ .
With a view to introducing the Srivastava-Attiya convolution operator $J_{\epsilon,b}$ , we begin by
recalling a general Hurwitz-Lerch Zeta function $\Phi(z, s, a)$ defined by
$\Phi(z, s, a):=\sum_{n=0}^{\infty}\frac{z^{n}}{(n+a)^{e}}$
(1.7)
$(a\in \mathbb{C}\backslash \mathbb{Z}_{0}^{-};s\in \mathbb{C}$ when $|z|<1;{\rm Re}(s)>1$ when $|z|=1)$ .
Srivastava and Attiya [3] introduced the linear operator
$\mathcal{J}_{s,b}(f):\mathcal{A}arrow \mathcal{A}$
defined; in term of the Hadamard product (or convolution), by
$\mathcal{J}_{s,b}(f)(z)$ $:=G_{s,b}(z)*f(z)$ $(z\in U;b\in \mathbb{C}\backslash \mathbb{Z}_{0}^{-};s\in \mathbb{C})$ , (1.8)
where for convenience,
$G_{s,b}(z)$ $:=(1+b)^{s}[\Phi(z, s, b)-b^{-\prime}]$ $(z\in U)$ . (1.9)
It is easy to observe from (1.1) and the definition (1.7) and (1.8) that
$\mathcal{J}_{s,b}(f)(z)=z+\sum_{k=2}^{\infty}(\frac{1+b}{k+b})^{s}a_{k}z^{k}$ . (1.10)
For $f(z)\in A$ , we define the class $S_{s_{)}b}^{*}(\alpha)$ by
$f(z)\in S_{s,b}^{*}(\alpha)$ $\Leftrightarrow$ ${\rm Re}( \frac{z\mathcal{J}_{s,b}’(f)(z)}{J_{s,b}(f)(z)})>\alpha$ , (1.11)
that is, $J_{s,b}(f)(z)$ is in $S^{*}(\alpha)(z\in U;0\leqq\alpha<1;b\in \mathbb{C}\backslash \mathbb{Z}_{0}^{-};s\in \mathbb{C})$ .
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Remark 1 For $f(z)\in A$ , we put
$G(z)= \sum_{n=1}^{\infty}\frac{1+c}{n+c}z^{n}$
is convex $({\rm Re}(c)>-1)$ . So we have





We introduce the following lemmas for our results.
Lemma 1 [4] Let $f(z)\in \mathcal{T}$ and ${\rm Re}\{f’(z)\}>0$ , then the function
$F(z)= \frac{c+1}{z^{c}}\int_{0}^{z}t^{c-1}f(t)dt$ $(c>-1)$ (2.1)
belongs to $\mathcal{K}(-c)$ for all $c(0\leqq-c<1)$ .
Lemma 2 [1, Caratheodory] Let $\ell’(z)=1+\sum_{n=1}^{\infty}c_{\eta}z^{n}$ be analytic in $U$ and ${\rm Re}\{\varphi’(z)\}>0$
$(z\in U)$ . Then,
$|c_{m}|\leqq 2$ $(n=1,2,3, \cdots)$ .
Lemma 3 [2] Let $f(z)\in \mathcal{T}$ and suppose that
${\rm Re}\{f’(z)+\alpha zf’’(z)\}>0$ $(z\in U)$ (2.2)
where $\alpha\geqq 1$ . Then, we have
$1+{\rm Re} \{\frac{zf’’(z)}{f(z)}\}>\frac{\alpha-1}{\alpha}$ $(z\in U)$ ,
or $f(z)$ is convex of order $\frac{\alpha-1}{\alpha}$ .
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3 Main results
Theorem 1 Let $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}\in \mathcal{T}$ and $0\leqq\alpha<1$ .
(i) If $|zf’’(z)+(1-\alpha)(f^{f}(z)-1)|\leqq 1-\alpha$ , then $f(z)\in \mathcal{K}(\alpha)$ $(z\in U)$ .
(ii) $If|f’(z)+ \alpha(1-\frac{f(z)}{z})-1|\leqq 1-\alpha_{;}$ then $f(z)\in S^{*}(\alpha)$ $(z\in U)$ .
Proof. Using Lemma 3, we have (i) and $(\ddot{u})$ . $\square$
Remark 2 Rom Theorem 1, we have the following results given by H. Silverman [5].
(i) $\sum_{n=2}^{\infty}n(n-\alpha)|a_{n}|\leqq 1-\alpha$ $\Rightarrow$ $f(z)\in \mathcal{K}(\alpha)$ .
(ii) $\sum_{n=2}^{\infty}(n-\alpha)|a_{n}|\leqq 1-\alpha$ $\Rightarrow$ $f(z)\in S^{*}(\alpha)$ .
Next, we prove the following theorem.
Theorem 2 Let $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}\in A$ . If
${\rm Re}\{(1-\alpha)f’(z)+zf’’(z)\}>0$ $(0\leqq\alpha<1)$ , (3.1)
then $|a_{n}| \leqq\frac{2(1-\alpha)}{n(n-\alpha)}$ . The result is sharp.
Proof. The coefficient bounds are maximized at the extreme point. Now the extreme point
of (3.1) may be expressed as
$f(z)=z+ \sum_{n=2}^{\infty}\frac{2(1-\alpha)x^{n-1}}{n(n-\alpha)}z^{n}$, $|x|=1$ (3.2)
and the result follows. $\square$
Remark 3 If $f(z)\in \mathcal{T}$ and $\alpha=0$ , then $|a_{n}| \leqq\frac{2}{n^{2}}$ . So, we have $\sum_{n=2}^{x}|a_{n}|\leqq\frac{\pi^{2}-6}{3}=1.289\cdots$ .
Moreover, in the case of $f(z)\in \mathcal{T}$, we have $f(z)\in \mathcal{K}(\alpha)$ .
Theorem 3 Let $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}\in \mathcal{A}$ . If
${\rm Re} \{f’(z)-\alpha\frac{f(z)}{z}\}>0$ $(0\leqq\alpha<1)$ , (3.3)
then $|a_{n}| \leqq\frac{2(1-\alpha)}{n-\alpha}$ . The result is sharp.
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Proof. The coefficient bounds are maximized at the extreme point. The extreme point of
(3.3) is
$f(z)=z+ \sum_{n=2}^{\infty}\frac{2(1-\alpha)x^{n-1}}{n-\alpha}z^{n}$ , $|x|=1$ (3.4)
and the result follows. $\square$
Remark 4 In the case of $f(z)\in \mathcal{T}$, we have $f(z)\in S^{*}(\alpha)$ .
$Next_{1}$ , in Theorem 4 below, we present the coefficient inequalities for fumctions in the cla.ss
$\mathcal{K}(\alpha)$ .
Theorem 4 Let $0\leqq\alpha<1$ . If $f(z)\in A$ satisfies the following inequality
$\sum_{n=2}^{\infty}n(n-\alpha)|(\frac{1+b}{n+b})^{\delta}||a_{n}|\leqq 1-\alpha$ , (3.5)
then $f(z)\in \mathcal{K}(\alpha)$ .
Proof. Using Silverman’s result (Remark 2 $(i)$ ), we can prove this theorem. $\square$
Letting $\alpha=0$ in Theorem 4, we have
Corollary 1 If $f(z)\in \mathcal{A}$ satisfies the following inequality
$\sum_{n=2}^{\infty}n^{2}|(\frac{1+b}{n+b})^{\delta}||a_{n}|\leqq 1$ , (3.6)
then $f(z)$ is convex.
Furthermore, we can have
Theorem 5 Let $0\leqq\alpha<1$ . If $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}\in \mathcal{K}(\alpha)$ , then





Then $p(z)$ is analytic with
$p(O)=1$ and ${\rm Re}\{p(z)\}>0$ $(z\in U)$ .
Since
$z\mathcal{J}_{\epsilon,b}’’(f)(z)=[(1-\alpha)(p(z)-1)]\mathcal{J}_{s,b}^{f}(f)(z)$ ,
by virtue of equation
$\mathcal{J}_{s,b}(f)(z)=z+\sum_{n=2}^{\infty}(\frac{1+b}{n+b})^{s}a_{n}z^{n}$, (3.8)
we have
$n(n-1)( \frac{1+b}{n+b})^{s}a_{n}=(1-\alpha)[c_{n-1}+\sum_{m=2}^{n-1}m(\frac{1+b}{m+b})^{s}a_{m}c_{n-m}]$ $(n\in N\backslash \{1\})$ . (3.9)
By applying Lemma 2, we obtain
$n(n-1)|( \frac{1+b}{n+b})^{s}||a_{n}|\leqq 2(1-\alpha)[1+\sum_{n=2}^{n-1}m|(\frac{1+b}{m+b})^{s}||a_{m}|]$ . (3.10)
We shall prove, by using the principle of mathematical induction, that the inequality (3.7) is
satisfied for $n\in N\backslash \{1\}$ .
Putting $\alpha=0$ in Theorem 5, we have
Corollary 2 If $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}\in \mathcal{K}$ , then
$|a_{n}| \leqq|(\frac{n+b}{1+b})^{8}|$ .
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